Abstract. We impose constraints on the odd coordinates of super Teichmüller space in the uniformization picture for the monodromies around Ramond punctures, thus reducing the overall odd dimension to be compatible with that of the moduli spaces of super Riemann surfaces. Namely, the monodromy of a puncture must be a true parabolic element of the canonical subgroup P SL(2, R).
Introduction: super Riemann surfaces, punctures and uniformization
Moduli spaces of complex supermanifolds of dimension (1|1) and the subclass of those called super Riemann surfaces, are the cornerstones of superstring theory (for a review see [3, 9] as well as the original papers [1, 2] ).
In our previous work [8, 5] , we developed a coordinate system for super Teichmüller space associated to super Riemann surfaces with punctures, based upon uniformization taking Poincaré metrics. These are generalizations of standard Penner coordinates [6, 7] on the Teichmüller space. Each such super Riemann surface is defined in this uniformization approach as a factor H + /Γ of a super analogue H + of the upper half-plane H + , modulo the action of a discrete Fuchsian subgroup Γ of OSp(1|2) acting on H + as a superconformal transformation, which is a certain generalization of a standard fractional-linear transformation, see e.g. [4] .
The super Teichmüller space ST (F ), where F is the underlying Riemann surface of genus g with s punctures, is defined in full analogy with standard pure even case, viewed as a character variety:
so that Γ above belongs to the image. Here π 1 (F ) is the fundamental group of the underlying Riemann surface with punctures, and Hom ′ in [8] , [5] stands for the homomorphisms which map elements of π 1 (F ) corresponding to small loops around the punctures, to parabolic elements of OSp(1|2), which means that their natural projections to P SL(2, R) are parabolic elements. It turns out that the dimension of the resulting space is (6g−6+2s|4g−4+2s). However, it is known from the study of moduli space M(Σ) of a super Riemann surface Σ that its dimension is a little more subtle, namely it is dim M(Σ) = (6g − 6 + 2s|4g − 4 + 2n N S + n R ), (1.2) where n N S and n R are known as the number of Neveu-Schwarz (NS) and Ramond punctures on Σ respectively. These punctures are the analogs of punctures or marked points on an ordinary Riemann surface, in which on super Riemann surface they are described by codimension (1|0) divisors. Let us look at these classes of punctures in detail (we refer to [9] for more information) from a point of view of complex supermanifolds and compare it to the uniformization approach to understand where this discrepancy in dimension count comes from.
We recall (see e.g. [9] ) that a super Riemann surface Σ is a (1|1)-dimensional complex supermanifold, i.e. locally isomorphic to C 1|1 , together with a subbun-
, where z is even and θ is odd, such that
are known as superconformal coordinates and can be chosen for any such nonzero section D. The superconformal transformations operating between patches are the ones preserving D.
The NS puncture is a natural generalization of the puncture of ordinary Riemann surface, and can be considered as any point (z 0 , θ 0 ) on the super Riemann surface. Locally one can associate to it a (0|1)-dimensional divisor of the form z = z 0 − θ 0 θ, which is the orbit with respect to the action of the group generated by D, and this divisor uniquely determine the point (z 0 , θ 0 ) due to the superconformal structure.
Let us consider the case when the puncture is at (0, 0) locally. In its neighborhood let us pick a coordinate transformation 4) such that the neighborhood (without the puncture) is mapped to a supertube with w sitting on a cylinder w ∼ w + 2πi, and D θ becomes
Hence (w, η) are superconformal coordinates, and we have the full equivalence relation given by
Therefore, in the uniformization picture, the group element, corresponding to the monodromy around NS puncture should be conjugate to an element of OSp(1|2) corresponding to fractional linear transformation representing translation and an odd element reflection. In other words, an element of a Borel subgroup of OSp(1|2) generated by the maximal negative root (which is an SL(2, R) generator), accompanied by a fermionic reflection.
The case of Ramond puncture is a whole different story. On the level of super Riemann surfaces, the associated divisor is determined as follows. In this case, we are looking at the case when the condition that D 2 is linearly independent of D is violated along some (0|1) divisor. Namely, in some local coordinates (z, θ) near the Ramond puncture with coordinates (0, 0), D has a section of the form
We see that its square vanishes along the Ramond divisor z = 0. One can map the neighborhood patch to the supertube using a different coordinate transformation 8) those coordinates on the supertube will be superconformal, since
Notice that the identifications we have to impose on (w, η) now become:
Again, we see that the group element corresponding to monodromy around the loop should belong to the same subgroup in the Borel subgroup as in the NS case, just without extra reflection. What lesson did we learn from this discussion? Previously, in [8, 5] we obtained a bigger Teichmüller space than needed for the study of supermoduli, since the constraint we imposed on Γ with respect to the monodromies around punctures was too weak. The condition which is needed to reduce dimension appropriately has to be the following: group elements, corresponding to the monodromies around punctures, should lie in the conjugacy classes of parabolic elements of the canonical SL(2, R) subgroup of OSp(1|2). This constraint will remove the necessary (0|n R )-dimensional bundle from ST (F ), which we will call Ramond decoration.
The main goal of this note is to express this constraint in terms of coordinates obtained in [8, 5] and we will see that it is indeed an elegant formula, linear in odd variables.
The structure of the paper is as follows. In Section 2 we review construction of [8, 5] . In Section 3, we recall the representation of OSp(1|2) as fractional linear transformation. Section 4 is devoted to the explicit study of the monodromy around the punctures and, finally in Section 5 we derive the formula for the aforementioned constraint.
Coordinates of super Teichmüller space
Let us first recall the ingredients used to construct the super Teichmüller space for the case N = 1. We will adapt the notation and construction from [5] for the case N = 2 which restricts to the case N = 1.
Definition of OSp(1|2).
Let the supergroup SL(1|2) be (2|1) × (2|1) supermatrices with superdeterminant equal to 1, where we write
such that a, b, c, d, f are even entries, and α, β, γ, δ are odd entries, with the supernumber defined over R. We will consider the component SL(1|2) 0 where f > 0. The superdeterminant or Berezinian is defined to be
while the supertrace is given by
Let us denote by
with sdet(J) = 1, and define the supertranspose as
Then the supergroup OSp(1|2) ⊂ SL(1|2) 0 is defined to be the supermatrices g ∈ SL(1|2) 0 satisfying
We have a natural projection SL(1|2) 0 −→ SL(2, R) given by
where a # denotes the body of the supernumber a.
Finally we denote two special types of matrices in OSp(1|2) by
that will be useful later on. The matrix Z −1 is also known as the fermionic reflection.
Decorated super Teichmüller space.
Let F := F s g be a Riemann surface with genus g ≥ 0 and s ≥ 1 punctures such that 2g + s − 2 > 0. Let ∆ be an ideal triangulation of F whose vertices are lifted to the set of vertices ∆ ∞ at infinity on the universal cover F ≃ D where D is the Poincaré unit disk, and π 1 (F ) acts on D by the Deck transformations.
The coordinates of the decorated super Teichmüller space S T (F ) can be realized in Minkowski space M = R 2,1|2 with inner product between two vectors
where the square-root of such inner product is called a λ-length. We define the positive light cone to be
Any point in M can also be represented as
where L corresponds to the subspace with c = 0. Then OSp(1|2) acts naturally on M and L by the adjoint action
and every vectors in the light cone L can be put into the form e θ := (1, 0, 0|0, ±θ) ∈ L for some odd parameter θ. The OSp(1|2)-orbit of
is of special importance, and we will refer to
as the special light cone.
Lemma 2.1.
[8] Let ∆ABC be a positive triple (i.e. the bosonic part of (A, B, C) are positively oriented) in the special light cone L 0 . Then there is a unique g ∈ OSp(1|2) (up to composition by the fermionic reflection Z −1 ), unique even r, s, t > 0, and odd φ such that
Coordinates of the form (2.14) are said to be in standard position. We then have two associated transformations: Lemma 2.2. The prime transformations P ± θ are given by
which rotates the standard position with odd parameters θ, from ∆ABC to ∆BCA and ∆CAB respectively. The upside-down transformations Υ χ are given by One readily checks that P θ,± and Υ χ are all elements in OSp(1|2). (1) ρ(γ)(ℓ(a)) = ℓ(γ(a)) for each γ ∈ π 1 and a ∈ ∆ ∞ ; (2) the natural projection
is a Fuchsian representation.
In [8] , the space of all such lifts are constructed by a recursive procedure to lift the ideal triangles of F on the universal cover to the light cone, using the "basic calculations" to determine the OSp(1|2)-orbits on the light cone. The construction is subsequently simplified and generalized to N = 2 in [5] , where the construction of the lift was directly connected to the combinatorial description of spin structures, discovered in [8] . There, the spin structures were identified with classes of orientations of the trivalent fatgraph spine τ , dual to the triangulation ∆: two orientations belong to the same equivalence class if they are related by sequence of reversals of orientation of all edges incident to a given vertex. It was shown in [8] , that under the elementary Whitehead move (flip), the orientations change as in Figure 1 Altogether this leads to the following description of the coordinates on S T (F ): Theorem 2.4. i) The components of S T (F ) is determined by the space of spin structures on F . To each component C of S T (F ), there are global affine coordinates on C given by assigning to a triangulation ∆ of F ,
• one even coordinate called λ-length for each edge;
• one odd coordinate called µ-invariant for each triangle, taken modulo an overall change of sign.
In particular we have a real-analytic homeomorphism
ii) The super Ptolemy transformations [8] provide the analytic relations between coordinates assigned to different choice of triangulation ∆ ′ of F , namely upon flip transformation. Explicitly (see 
21)
where χ = ac bd , so that the evolution of arrows is as in Figure 1 .
The decorated super Teichmüller space S T (F ) is naturally a principal R s
+ -bundle over the super Teichmüller space ST (F ) defined in the introduction, and one can descend to ST (F ) by taking the appropriate shear coordinates around punctures as in the bosonic case [6] .
2.3. Construction of the lift. In this section we recall the construction of the lift ρ : π 1 (F ) −→ OSp(1|2) given by the coordinates of the decorated Teichmüller space described in [8, 5] . Let us fix a spin structure ω corresponding to the component of this lift, which is represented by an orientation of the fatgraph spine τ of the triangulation.
The fundamental domain D ⊂ F on the universal cover of F is naturally a (4g + 2s)-gon. It suffices to determine the image of the generators γ i ∈ π 1 (F ), i = 1, ..., 2g + s, which identifies a pair of frontier edges
To determine the image of ρ(γ i ) ∈ OSp(1|2), let ∆ABC and ∆A ′ B ′ C ′ be the lift of the unique pair of triangles such that
Then by definition of ℓ there is a unique transformation g ∈ OSp(1|2) bringing the standard position from ∆ABC to ∆A ′ B ′ C ′ and matching BC to B ′ C ′ . Explicitly let γ i be homotopically represented by a path in τ . Then Proposition 2.5. The image ρ(γ i ) := g ∈ OSp(1|2) is a composition of the form 
OSp(1|2) as fractional linear transform
In this section, we recall the representation of OSp(1|2) as fractional linear transformation on the super upper half-plane.
Recall that in the bosonic case, P SL(2, R) acts transitively on the upper half-plane
where z = x + iy and a b c d ∈ P SL(2, R).
In the super case, we have an analogue given as follows. Let C 1|1 be the complex superplane, and consider the super upper half-plane H + := {(z, η)|Im(z # ) > 0} ⊂ C 1|1 where z # denote the body of z. Then it is well-known that Return to our setting, recall from the introduction that we considered the conformal transformations (1.4), (1.8) from the neighborhood around the punctures to the supertube. If we restrict to the neighborhood within 0 < |z| < 1, then the image of the transformation becomes the left half-plane {(z, η)|Re(z # ) < 0} ⊂ C 1|1 instead. Therefore rotating our setting by 90 degree, the equivalence relations given by the simple translation of the even variable (1.6), (1.10) in the complex direction are then represented by the action of the lower Borel elements
Monodromies and decorations
We are now ready to discuss the monodromies around punctures. The construction of the map ρ : π 1 (F ) −→ OSp(1|2) requires that the group elements ρ(γ) corresponding to loops γ going around punctures, which being projected to P SL(2, R) is parabolic, i.e. is conjugate to ± 1 0 b 1 .
For a loop γ ∈ π 1 (F ) around a puncture, by definition the monodromy ρ should fix the lift of the puncture A ∈ L 0 which belongs to a sequence of triangles ∆AB i+1 B i (see Figure 3) . Acting by OSp(1|2) if necessary, let us choose the standard position such that the puncture is lifted to A = r(0, 1, 0|0, 0) for some r > 0.
τ n Figure 3 . The loop γ in τ around a puncture A surrounded by n triangles Then by definition of the adjoint action of OSp(1|2) on L 0 , a generic element ρ(γ) of the monodromy is given by a lower triangular matrix
and the conditions for it to be in OSp(1|2) require that φ = ∓θ, hence we only have one odd parameter θ. Let us call the punctures corresponding to the monodromy whose projection to SL(2, R) has trace 2 (resp. −2) as Ramond (resp. Neveu-Schwarz (NS)) punctures.
In the introduction we pointed out that in order to obtain the punctured super Riemann surfaces with proper boundary conditions on Ramond and NS punctures, we need to impose the condition that the monodromy element around the puncture be conjugate to a simple translation of the even variable in the transformed space, in which OSp(1|2) acts by fractional-linear transformation. We saw in the previous section that this corresponds to an element of the lower Borel subgroup of the SL(2, R) subgroup of OSp(1|2).
Hence we now tighten things a bit and require also that the element g in (4.1) above be conjugate to 
by elements of OSp(1|2) which fix the puncture. In other words, 
is required to contain a point (p, g 0 ) where g 0 is of the form (4.2).
Let us see how these constraints affect each type of punctures. 
However, for Ramond puncture, the situation is different. 
Since we also need to fix the vector corresponding to the puncture p = A, the conjugation requires U to be lower triangular. In particular β = 0, hence f θ = 0 =⇒ θ = 0 since f > 0.
Therefore to get a "true" super Teichmüller space, we would like to impose the conditions θ = 0 to our group elements corresponding to monodromies around Ramond punctures.
Dimension reduction
In this section, we show that the conditions that θ = 0 for monodromies around Ramond punctures will impose a linear constraint in terms of the odd coordinates of S T (F ). In particular, this will reduce the dimension of S T (F ), and hence ST (F ), making the overall odd dimension 4g − 4 + 2n N S + n R , where n N S and n R are the number of NS and Ramond punctures respectively, as explained in the introduction.
Fix a fatgraph orientation ω on the fatgraph spine τ corresponding to a spin structure. Consider a loop homotopic to γ = (τ 1 , τ 2 , ..., τ n , τ 1 ) ∈ π 1 (F ) on τ passing through the vertices τ i ∈ τ associated to the triangles around a Ramond puncture, and we assume γ is going in a counter-clockwise direction (cf. Figure  3 ). According to our construction, the monodromy is given by
where the product is read from right to left, θ i is the odd parameter for the triangle τ i , χ i is the cross ratio between τ i and τ i+1 , and ǫ i = −1 if the path γ at τ i −→ τ i+1 has the same orientation as ω or else ǫ i = +1 otherwise. Proof. Writing out the matrices explicitly, we see that
which is lower triangular. The product then follows easily by induction, and using the fact that n k=1 χ k = 1. Remark 5.2. In particular, we see that the puncture is Ramond if * 0 > 0, i.e. the length n of the loop γ, and the number of segments of γ matching orientations with ω, have the same parity.
Therefore, the monodromy constraints for the Ramond punctures amount to * 1 = 0, and we arrive at the main result of the paper: These constraints will remove the necessary (0|n R )-dimensional bundle from ST (F ), which we will call the Ramond decoration.
